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Let h be a finite group acting on unlabeled graphs which does not change 
connectivity. Examples include edge reversal in directed graphs and permutations of 
colors in edge and/or vertex colored graphs. The generating functions of h-invariant 
(directed) graphs and h-invariant (weakly) connected (directed) graphs are 
discussed. This leads to a recursive formula for calculating the number of connected 
graphs when the total number of graphs is known. This is then applied to self-dual 
signed graphs, self-converse digraphs, and color cyclic graphs. Asymptotic 
expansions are also obtained. As expected, almost all of the above h-invariant 
graphs are connected and the asymptotic number of disconnected graphs has a 
simple interpretation. 
1. INTRODUCTION 
A labeled graph is a graph in which each vertex has been assigned a 
distinct positive integer. Suppose we are given a set ,F of labeled graphs with 
some additional property such as directed edges or colored vertices. We 
assume that a graph belongs to .Y if and only if all its (weakly) connected 
components do. A group D acts on 25 to delabel it by dividing it into 
equivalence classes. (In our applications, D is induced by the full symmetric 
group acting on the positive integers, but this is not needed in the theorems.) 
There is another action going on; e.g., reversal of directed edges or a 
permutation group acting on the colors. We wish to study the number of 
equivalence classes of (weakly) connected graphs invariant under this 
additional action. Robinson [ 91 presents a nice discussion of the 
* Research done at IDA-CRD, Princeton, N. .I. 08540. 
268 
0095.8956183 $3.00 
Copyright 0 1983 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
CONNECTEDINVARIANTGRAPHS 269 
enumeration of all such graphs when the action is some sort of duality. We 
describe the general situation by allowing a group H to act on Y. For this 
action to be well defined on D-equivalence classes, we require that D be a 
normal subgroup of H of finite index. Since we are interested in connectivity, 
we require that H not interfere with that. It is convenient to think of 
H/D = h as acting on the unlabeled graphs. The problem of enumerating 
unlabeled graphs which are invariant under h is equivalent to counting the 
D-equivalence classes which are also H equivalence classes. Schwenk [ 111 
provides a method for doing this when H/D is a direct product of cyclic 
groups whose orders are pairwise relatively prime. We show how to extract 
the number of h-invariant unlabeled connected graphs from these numbers. 
The extraction method involves a quadratically (or better) convergent set of 
generating function equations, where an equation is k-ically convergent if 
using the unknown C+ in the right-hand side for i < n leads to ui on the left 
for i < kn + s. We use this method to calculate tables and obtain asymptotic 
results when the methods of Robinson [9] and Schwenk [ 1 1 ] apply. 
THEOREM 1. Let K be a subgroup of H containing D, let g,(K) be the 
number of D-equivalence classes of n-vertex graphs fixed by K, and let c,(K) 
be the number of D-equiualence classes of n-vertex connected graphs with 
stabilizer K. Define 
G(x, K) = F g,,(K) x” and 
ZI 
C(x, K) = f c,(K) xn. 
n-1 
Then 
w kw:L nK)l L) 
kt, *yD k(K: LnK) ’ 
Thus 
C(x, L) = 2: ,u(L, K)A(x, K), 
ti?L 
(1) 
(2) 
A(x,K)=log(l +G(x,K))- K’ f 
.MiD k-1 
a(k(K: M n K)) C(X~‘~:“‘~“, M), 
,u(L, K) is the Mobius function of the lattice of subgroups, and a(u) = l/u if 
u> 1 anda(u)=O$u=l. 
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COROLLARY 2. If H/D has prime order p, then 
c(x, H) = log( 1 + G(x, H)) - ; log( 1 + G(xP, 0)) - x 
k>l ““z H) . (3) 
THEOREM 3. Suppose that for some d 
(a) $g,(H) # 0, then a’( n; 
(b) t&AH) = ok@)) when d I n; 
(c) for some r a positive multiple of d, 
n-r 
x &(H)gn-k(H) = O(g,-r(H)) when din; 
k=r 
(d) for some p < l/d and every L 2 D with L # H g,(L) = o(g,(H)), 
where m = d[/bz(H: L)]. 
Then, when n and s < r are multiples of d, 
S-l 
c,,(H) = x bk gn-k(H) + O(g,-s(W). 
k=O 
(4) 
where B(x) = ( 1 + Gfx, H)) ’ . Thus c,(H) - g,,(H). Suppose i < r, 
g,(H) # 0, and gj(H) = 0 for j < i, then g,,(H) - c,(H) - g,(H) g,-,(H). 
Remarks. (a) There is no need to restrict Theorem 1 and its corollary 
to a single variable; for example, one can introduce a variable y to keep 
track of the number of edges provided the argument x’ is replaced by the 
pair of arguments xr, yr in C and G in (lb), (2), and (3). Indeed, if we forbid 
isolated points, we can set x = 1 and thus enumerate connected graphs by 
the number of lines. We can go even further and eliminate any mention 
whatsoever of graphs: all that matters is that objects can be built up nicely in 
terms of “primes” or connected objects so that (1 a) holds. 
(b) We have stated (2) in a form suitable for quadratically convergent 
calculation. For other formulas, see the discussion following (6). 
(c) The last statement in Theorem 3 has a simple interpretation: 
Almost all unconected graphs arise by having two components, one of which 
is as small as possible. This is not surprising since this happens whenever the 
results of [ 1 ] are applicable. Read [ 16, p. 7211 has made a related obser- 
vation. 
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(d) Hanlon [5] p roved Theorem 1 and related results when (H: D) = 2 
and remarked that the ideas could be extended. Wright [ 17 1 proved 
Theorem 3 for H = D. 
2. PROOFS 
We use the idea in [2, Ex. l] to prove Theorem 1. Each (unlabeled) graph 
is in one-to-one correspondece with a multiset of connected graphs. This 
gives the well-known result 
where c, = C c,(K). We show how to modify this to obtain (1). Let y be a 
D-equivalence class (i.e., unlabeled graph) counted by G(x, K) and let 5 be a 
component of y. Let L be the stabilizer of 4. Since the stabilizer of [ in K is 
L fI K, the number of D-equivalence classes in Kc is (K: L n K) and each of 
these must be a component of y as many times as c is since K fixes y. Thus 
the graphs counted in en(L) can be partitioned into c,(L)/(K: K n L) sets 
each containing n(K: K n L) vertices such that for each set every connected 
graph in it appears equally often as a component of y. This proves (la). 
Take logarithms in (1) and use -log(l - z) = C zk/k to obtain 
log(1 + G(x, K)) = G \‘ F c,(L) 
ytkUi:I. TN, 
k=, L;, ,:, (K: L nK) k ’ 
(5) 
The inner sum is C(xk’“‘““‘:’ , L)/k(K: L n K), proving (1 b). By rearranging 
we obtain A(x, L) = 2 C(x, L), where the sum ranges over all L with 
(K: L n K) = 1. This is precisely those L containing K. Mobius invert in the 
subgroup lattice to obtain (2). Note that (5) has the form f(x) = C g(xk)/k, 
for which Cadogan 131 observed that g(x) = Cp(k)f(xk)/k. Thus we can 
eliminate the infinite sum on C 
-y- C(x w:L nK(, L) G dk) 
La,, (K: L n K) = ky, 7 l”dl + G(xk, K)). 
Consequently we can replace A in (2) with 
“7 a#) A(x,K)= \ 
k=, 
k log( 1 + G(xk, K)) - 1 a((K: L n K)) C(x”“. nh’, L), 
I. aI, 
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but this seems to be no better computationally than (2). If H/D is cyclic, we 
can invert (6) to obtain 
C(x, H) = 2 
dl(H:D) 
+) x F(x”‘, K), 
m 
where F is the right side of (6), K 2 D is the unique group with (H: K) = d. 
and M ranges over all multiples of d whose prime factors all divide (H: 0). 
In the corollary, there are no groups between D and H. From (la) we 
obtain 
1 + G(x, H) 
(1 + G(xP, D))‘lp = 
Equation (3) follows easily by manipulation of logarithms. 
We now turn our attention to Theorem 3. The idea is to apply ] 1, 
Theorem 21 much as was done in the proof of [ 1, Corollary 61. Set L = H in 
(2) to obtain C(x, H) = A(x, H). Use the fact that c,(K) <g,(K) together 
with (d) and (b) to show that the contribution of the sum over c’s in A(x, H) 
to c,(H) is 4g,W)) f or some m with m < (1 - E) n and E > 0. Replace x by 
X’ld to eliminate zeroes in G(x, H) and apply [ 1, Theorem 21 to obtain (4). 
The rest of Theorem 3 follows immediately from (4) and (b). 
3. SELF-DUAL SIGNED GRAPHS 
A signed graph is one in which each line is given either a positive or 
negative sign. If this is done to the vertices, we have marked graphs, and if it 
is done to both, nets. Such graphs are self-dual if reversing signs produces an 
isomorphic graph. In addition, with nets we may reverse only vertex or only 
line signs and look for point-self-dual or line-self-dual nets. Harary, Palmer, 
Robinson, and Schwenk [8] provided closed formulae, numerical values 
when n Q 12, and asymptotic estimates for all these graphs. We apply 
Corollary 2 and Theorem 3 with H = D to study all such graphs and with 
H = DU Dp, where p is sign reversal to study self-dual graphs. The 
conditions of Theorem 3 are shown to hold for every (even) r with d = 1 
(or 2) as follows. Refer to [8; (8), (16~(19)] for asymptotics. Apply 
Wright’s result [ 17, Theorem 71 to verify conditions (b) and (c). Note that 
since log g,(D)/log g,(H) - 2(n/m)‘, we may choose /i in (d) to be any 
number exceeding l/G. 
The numbers from [8] were used in (3) to obtain the number of various 
connected signed graphs, marked graphs, and nets. It can be seen that the 
asymptotic formulas are quite accurate. 
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1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
(EDGE) SIGNED GRAPHS 
total connected 
1 1 
3 2 
10 7 
66 53 
792 712 
25506 24516 
2302938 2275616 
591901884 589543 159 
42078444762014 42077848096140 
819833163057369 777153521635025 
4382639993148435207 4381736000016997183 
64588133532185722290294 64583749042105621183422 
8 
9 
10 
11 
12 
SELF-DUAL SIGNED GRAPHS 
total connected 
1 1 
1 0 
2 1 
6 3 
20 14 
86 62 
662 512 
8120 7409 
171526 163284 
5909259 5736443 
348089533 342169618 
33883250874 33534945769 
MARKED (VERTEX SIGNED) GRAPHS 
total connected 
1 2 2 
2 6 3 
3 20 10 
4 90 50 
5 544 354 
6 5096 3883 
I 79264 61994 
8 2208612 2038236 
9 113743760 109141344 
10 10926227136 10693855251 
11 1956363435360 1934271527050 
12 652335084592096 648399961915988 
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4 
6 
8 
9 
10 
11 
12 
SELF-DUAL MARKED GRAPHS 
total connected 
I 0 0 
2 2 1 
3 0 0 
4 10 6 
5 0 0 
6 104 81 
1 0 0 
8 3044 2196 
9 0 0 
10 291968 285205 
11 0 0 
12 96928992 96322648 
NETS (EDGE AND VERTEX SIGNED GRAPHS) 
total connected 
2 
9 
56 
705 
19548 
1419237 
278474976 
148192635483 
213558945249402 
836556995284293896 
8962975658381123937708 
264404516190234685662666050 
i 
40 
581 
17954 
1376484 
215524246 
147621941386 
213261119287108 
836129127802137202 
8961301472286672235091 
264386586050074867407985649 
VERTEX SELF-DUAL NETS 
total connected 
0 0 
2 
4 
6 
8 
9 
10 
11 
12 
0 0 
45 37 
0 0 
3411 3264 
0 0 
1809459 1798306 
0 0 
7071729867 7066174625 
0 0 
208517974495911 208496688495494 
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EDGE SELF-DUAL NETS 
215 
1 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
total connected 
2 2 
3 0 
8 4 
29 13 
148 98 
1043 748 
11984 9982 
229021 205290 
6997682 6546960 
366204347 352371887 
30394774084 29668304412 
4363985982959 4303531187466 
SIMULTANEOUSLY 
SELF-DUAL NETS 
1 0 0 
2 1 0 
3 0 0 
4 9 5 
5 0 0 
6 165 136 
1 0 0 
8 2465 1 24162 
9 0 0 
10 2952296 1 29488085 
11 0 0 
12 286646256675 286615837574 
c-COLOR CYCLIC FACTORIZATIONS FOR n = 10 
c true estimate ratio range of @ 
2 5909259 8105902 1.37 .999749 1.00025 1 
3 6859640 8075117 1.18 .982632 1.017368 
4 309378 225581 .73 .9068 10 1.093208 
5 204138 28885 1 1.41 .779428 1.221167 
6 14830 14985 1.01 .6335 15 1.371109 
7 8778 31640 3.60 .493468 1.524164 
8 7382 7445 1.01 .371689 1.67311 I 
9 11112 12469 1.12 .272376 1.816212 
10 1469 1690 1.15 .I95036 1.953577 
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4. COLOR CYCLIC FACTORIZATIONS 
A partition of the edges of a graph y into c color classes labeled 1, 2,..., c 
is called a coloring of y. It is called a color cyclic factorization if y is 
invariant under the cyclic permutation which maps color i to color i + 1 
modulo c. Schwenk [ 11, Corollary 4a] enumerated the number of c-color 
cyclic factorizations of all n-vertex graphs. The case c = 2 corresponds to 
self-dual signed graphs. We use his ideas, apply Theorem 1, and then obtain 
asymptotics for the number of color cyclic factorizations and connected 
color cyclic factorizations with the help of Theorem 3. 
LEMMA 4 (de Bruijn [4]). Let D and R be groups acting on the finite 
sets G9 and .9, respectivelv. Suppose that R is cyclic with generator p and 
that .A?? has ri elements in orbits of size i under p. Then the numer of 
equivalence classes of functions from D to R with B acting on D which are 
invariant under R is Z(D, JJ rimi), where Z is the cycle index pol.ynomial 
and the jth component of mi is one if i 1 j and zero otherwise. 
Consider unlabeled graphs in which the edges have been colored using a 
set C of c colors. We wish to count those which are invariant when the 
cyclic group g with generator < acts on C. This involves Theorem 1 with 5 
the set of labeled colored graphs, D the group which delabels 55 and H the 
group which delabels .% and permutes the colors cyclically. Thus H/D is 
isomorphic to C. If (L: D) = d, then g,,(L) is the number of unlabeled n- 
vertex graphs which are left fixed when J. = rid acts on C. We now use 
Lemma 4 with the pair group acting on sets of two vertices, R = {O) x C, 
and .9? = (e) x (1). (A function value of zero means the edge is not present.) 
Since 1 has all elements in orbits of size d, 
g,(L) = z(sy’, m) - cmd), where d = (L: 0). (7) 
Suppose D 5. L EKG H. Since H/D is cyclic, j.t(L, K) =,u((K: L)), the 
classical Mobius function. This provides all the material needed to apply 
Theorem 1. Equation (7) is implicit in [ 11, Sect. 31. 
We now turn our attention to asymptotics. The formula for g,,(L) is 
obtained by the same method used for [8, (16)]. The cycle index sum in (7) 
is dominated by those terms arising from permutations in S, where each 
orbit has length 1 or d. Let aj be the sum of those terms arising from 7c E S, 
having j d-cycles and n - dj fixed points. Then 
‘j = djj! (n - dj)! ’ 
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where 
&=;, if d is odd, 
= 1, if d is even, 
The maximum term occurs when the number of d-cycles is about 
v = (n - log, n)/d + log, log, n, where b=c+ 1. 
We have 
and 
g,(L) - a,,e”‘/2d ~2Zg+I+-$), 
where 
a function with period 1 and average value 1. Thus 
g,,(L) - da @((n - log, n - c)/d + log, log, n) enldb’“- E’L’2d 
x ~lo~,e~lo~,lo~,n~1/2+(2~+lo~~“-2n~/2d(~og~ n)(dlog,log, n---Z&~ I)/2 
3 (8) 
where d = (L: 0) and b = c + 1. The hypotheses of Theorem 3 are easily 
verified for all r as in the previous section; however, in this case one needs 
the more general observation log g,(L)/log g,(H) - (H: L)(n/m)‘. 
The true values of g,,(H) from [ 111 are compared with asymptotic 
estimates based on (8) in the last tabulation for 2 < c ,< 10. Agreement is 
fair. We have also computed the range of Cp. 
5. ORIENTED AND DIRECTED GRAPHS 
Digraphs, oriented graphs, mixed graphs, and (oriented) isographs have all 
been studied. For the exact enumeration see Harary and Palmer [ 7, Chap. 5 ] 
and Sridharan and Parthasarathy [ 141. Here are references to self-converse 
enumeration and asymptotic results. 
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Case 
Digraphs 
Oriented 
Mixed 
Isographs 
Exact 
self-converse 
Harary and 
Palmer 
Sridharan 
Sridharan 
Sridharan and 
Parthasarathy 
161 
1121 
1131 
1141 
Asymptotics 
All Self-converse 
Harary and Robinson I10 1 
Palmer 17; 9.2 1 
Wille 1151 Robinson 191 
None None 
None None 
In all cases Corollary 2 aplies with (H: 0) = 2. When the asymptotic 
results are available, Theorem 3 can be applied for all r as done in Section 3. 
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